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SIGN CHANGES OF FOURIER COEFFICIENTS FOR HOLOMORPHIC
ETA-QUOTIENTS

KATHRIN BRINGMANN, GUONIU HAN, BERNHARD HEIM, AND BEN KANE

ABSTRACT. In this paper we study sign changes of an infinite class of n-quotients that are
holomorphic modular forms. We also establish a connection with Hurwitz class numbers.

1. INTRODUCTION AND STATEMENT OF RESULTS

There is wide interest in sign changes of the coefficients of g-series f(q) = >, o7 c(n)q"
with ¢(n) € R. If f(q) is the Fourier expansion of a cusp form of positive real weight on some
congruence subgroup, then Knopp, Kohnen, and Pribitkin [16, Theorem 1] showed that the
¢(n) change signs infinitely often. Sign changes along special subsets of N for half-integral
weight cusp forms were considered in [8, 20]. Moreover, Kowalski, Lau, Soundararajan, and
Wu [18, Corollary 2] proved that if f is an integral weight normalized newform, then the signs
sgn(c(p)), as p ranges over the primes, uniquely determine f. These results do not extend
to general holomorphic modular forms. For example, the Eisenstein series for SLo(Z) have
at most one sign change, and half of them have no sign change, so the signs of their Fourier
coefficients do not uniquely determine them. Define the Dedekind n-function

nz) =g [[—a)  (¢:= ).

n>1

In this paper, we investigate sign changes of Fourier coefficients of n-quotients H;”Zl 7( jz)‘;j
with m € N and §; € Z for 1 < j < m. Many such quotients are connected to combinatorial
counting problems via the corresponding products

m
(@)% = X Cutgn ("
j=1

n>0

where (a;q), = H;:&(l —ag’) for n € NgU {oo} is the g-Pochhammer symbol. For example,
Euler showed that —= is, up to a simple factor, the partition generating function.
n(z)

Numerous interesting examples involving sign changes of C\s;9s,..,,6m (n) appear in the
literature. For example, Andrews and Lewis [2, Conjecture 2] made a conjecture pertaining to
the so-called crank of a partition that is closely related to sgn(C}25-1(n)). This conjecture was
proved by Kane [15, Corollary 2]. Motivated by work of Borwein [4], Andrews [1, Theorem
2.1] showed that sgn(Cj1,-1(n)) (p prime) is periodic with period p. Schlosser and Zhou
[25] further investigated sgn(Cis,-s(n)) for various choices of d. In all of these examples,
sgn(Cys,-s(n)) exhibit a regular pattern, in contrast to the case of newforms, where the signs
of the Fourier coefficients uniquely determine the form. In this paper, we are interested
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in other cases for which the signs of Cys,95,..,,5m (1) satisfy a regular pattern. We focus
on holomorphic n-quotients, investigating similar questions for weakly holomorphic modular
forms in a parallel paper [6]. In this paper, we study several types of regular sign patterns.
We first present examples for which sgn (C}s;96,...,,,m (7)) has some period M € N.

We start with M = 1. A number of such examples with fixed sign arise from combinatorial
counting problems. For instance, Chen and Garvan [9, (1.9) and Theorem 2.1] investigated

%, showing that for n € Ny we have

1
C1—22233 (n) = ﬂT3(24'I’L + 11) > O7

where 73(n) is the number of representations of n as a sum of 3 squares. We obtain a similar

n(22)%n(42)*
result for LR

Theorem 1.1. For n € Ny, we have
01—22342(71) > 0.

n(2)3n(32)3
n(22)2 -

For M = 2, we have the example
Theorem 1.2. The sequence {sgn(Ciso—233(n))n>1 has period 2. In particular, we have
(—1)”01327233 (n) > 0.

n(z)*n(22)*
n(32)?

Theorem 1.3. The sequence {sgn(Cii943-2(n))}n>1 has period 3. In particular, we have

For M = 3, we find the example

1 if3|n,

—1 otherwise.

sgn (Cragez-2(n)) = {

(2)n(22)° (2)n(22)!
wasy - and Tt

For M = 8, we find two examples, ~

Theorem 1.4.
(1) The sequence {sgn(Chag2q4—2(n))}n>1 has period 8. In particular, we have

1 if n=0,3,7(mod 8),
sgn (Cpagzg—2(n)) = ¢ —1 ifn=1,4,5(mod 8),
0  ifn=2(mod 4).

(2) The sequence {sgn(Chagag—3(n))}n>1 has period 8. In particular, we have

1 ifn=0,3,6,7(mod 8),

sgn (Chagay-3(n)) = {_1 ifn=1,2,4,5(mod 8)

For a prime p, we next consider sign changes for the pair of infinite families of n-quotients

2
n(z)? n(z)?
Qp(2) == P,(z) := .
. n(pz)p’ 7 1(pz)
These families have appeared throughout the literature, and explicit Fourier expansions are
known for certain small primes p. The function @2 is an Eisenstein series (see [17, Example
2




10.6 (10.14)]) and P, is a theta function (see [23, Theorem 1.60])

@) =110 (T R = e

n>1 dln nez

where (—) is the extended Legendre symbol. The Fourier expansion (see [17, Example 11.4])

Pg(z)zl—SZZC)f) qn+9zz(§> &

n>1 dn n>1 dln

closely resembles the Fourier expansion of Q2. These functions are lacunary (see [11, Theorem
1.2] for the statement for ()2), meaning that the set of n for which the n-th Fourier coefficient
is non-zero has density zero, and hence their Fourier coefficients cannot exhibit regular sign
changes. Although the Fourier expansion (see [17, Example 12.16 (12.34)])

Pi(z)=1-5% Y (g) dq"

n>1 djn
also resembles the Fourier expansions of Q2 and Ps, we next see that the signs of the Fourier
coefficients of Ps satisfy a somewhat regular pattern related to the prime factorization of n
which is part of a more general phenomenon for larger p.
Theorem 1.5.

(1) Let p > 3 be prime and a € Ny. Then, for sufficiently large m coprime to p, we have

o) -(2) ().

(2) Let p > 5 be prime and a € Ny. Then, for m sufficiently large coprime to p, we have

o= () (%)

Although the sign changes asserted in Theorem 1.5 only hold for m sufficiently large, in
special cases the formula holds for all n if the underlying space of cusp forms is trivial.

Corollary 1.6.

(1) For a € Ng and m € N with ged(3,m) = 1, we have
sgn (Crogs (3'm) = — (5 )
(2) For a € Ny and m € N with ged(5, m) = 1, we have
sgn (Ciass (5m) = — (%)
Finally, we consider a half-integral weight case for which the sign of the n-th Fourier
coefficient resembles Corollary 1.6.

Theorem 1.7. For n € Ny, write 8n + 1 = 3%m with 31 m. Then we have

(%) if a =0,
sgn (Ch2923-1(n)) = _(%Q)H ifa=1,
-1 if a =2,

sgn (012223—1 (nT_l)) Zf(l Z 3.
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The paper is organized as follows. In Section 2, we recall some basic facts on modular forms
and Hurwitz class numbers. In Section 3, we prove Theorem 1.1. Section 4 is devoted to the
proof of Theorem 1.2. In Section 5 we show Theorem 1.3, in Section 6 we prove Theorem 1.4,
and in Section 7 we show Theorem 1.5, Corollary 1.6, and Theorem 1.7.
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2. PRELIMINARIES

2.1. Modular forms. We briefly recall the relevant definitions and some basic facts about
modular forms and refer the reader to [23] for details. As usual, for d odd, we let

1 if d=1(mod 4),
Ed =
Vi if d =3 (mod 4).

For k € 3Z, N € N (4| N if k € Z+ }), and a character y (mod N), a function f : H — C
satisfies modularity of weight k on I'o(N) with character x if for all v = (‘cl 3) € To(V)

fley =x(d) f.
Here the weight k slash operator is defined by

(&) e (cz+d) R () ifkeZ+ 3,
Tl (=)= {(Cdz +d)Ff(vz) ez

We call f : H — C a holomorphic modular form of weight k on To(N) with character x
if f is holomorphic on H, satisfies modularity of weight & on I'o(N) with character x, and
for every v = (25) € SLy(Z), (cz + d)""f(7y2) is bounded as z — ico. We denote the
space of such forms by M;, (I'o(N), x). Modular forms for which (cz 4 d)~* f(vz) vanishes as
z — ioo for all v € SLy(Z) are called cusp forms. The corresponding subspace is denoted
by Sk(To(N), x). We drop x from the notation if it is trivial. The Petersson inner product
between f, g € Sk(To(N), x) is defined by (z = x + iy)

o 1 (D) p dzrd
U9) = ST o] oy I

In order to show identities between modular forms, we use the following consequence of
the valence formula.

Lemma 2.1. Let k € N, N € N, and x be a character (mod N). If f € My(To(N),x)
satisfies cp(n) = 0 for every 0 <n < N4& [Ln(1+ %), then f = 0.
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2.2. Operators on (non-holomorphic) modular forms. We recall the action of certain
operators on non-holomorphic functions satisfying modularity of weight x € %Z on some
group I'g(N) with some character. For f(z) = .7 cry(n)q" (we omit the dependence on y
if f is holomorphic), we let

FLUC) = epultn)d", [ Vi(z) == f(t2).

ne’l

For M € N and m € Ny, we define the sieving operator

FISum(z) = Y epyln)g™
ne’
n=m (mod M)

Moreover, for a character v, we define the twist of f by v by
FRY(2) = (n)esy(n)g™

ne”Z
To state the modular properties of these functions, we require the radical rad(n) := Hmn D
and the character xp(n) := (£). Recall that the conductor of a character y (mod N) is the

smallest M € N such that for all n € Z with ged(n, N) = 1, we have x(n + M) = x(n). The
following properties are well-known; see, for example, [7, Lemma 2.3] for a proof.

Lemma 2.2. Suppose that f : H — C satisfies modularity of weight k € Z + % on To(N)
(4| N) with character x of conductor Ny | N.

(1) For § € N, f|Us satisfies modularity of weight k on I'o(4lem(E, rad(8))) with character
XX45-

(2) Suppose that M | 24 and M # 2 (mod 4). Then f|Sym satisfies modularity of weight k
on To(lem(N, M?, M N,)) with character .

(3) For ¢ € N, f|Vs satisfies modularity of weight k on I'o(N§) with character xx4s-

The following lemma may be shown similarly to Theorem 2.2.

Lemma 2.3. Let N € N, x be a character (mod N) with conductor Ny | N, and k € N.
Suppose that f satisfies modularity of weight k on To(N) with character x.

(1) For ¢ € N, f|Vs satisfies modularity of weight k on T'o(N§) with character x.

(2) If M € N with M | 24 and m € Z, then f|Sym satisfies modularity of weight k on
Lo(lem(N, M2, M N,,)) with character x.

(3) For M € N and a character 1 (mod M), the twist f ® 1 satisfies modularity of weight k
for To(lem(N, M?, M N,)) with character x?.

(4) If 6 | N, then f|Us satisfies modularity of weight k on To(N) with character x.

2.3. Eisenstein series. For k£ € N with k£ > 2 and primitive characters x, ¢, we define the
FEisenstein series

Bryw(2) = 0ym L=k, 0) 2> ) "y (g) W(d)d g, (2.1)

n>1 dn

where the L-function for the character 1 is defined for Re(s) > 1 by L(s, ) := > w(n)

n>1 ns °
This function admits a meromorphic continuation to s € C. The modular properties of these
Eisenstein series may be found in [13, Theorem 4.5.2] and [13, Theorem 4.6.2].
5



Lemma 2.4. Suppose that x and 1 are primitive characters of conductors Ny and Ny, respec-
tively. Ifk > 2 or (k = 2 and either x or 1 is non-trivial), then Ej, ., € My, (Lo (NyNy) , xv).

For k, N € N and a character ¢ (mod N), we define the FEisenstein series subspace of
M (T'o(N), o) to be the space spanned by Ej |V, where x and v are characters satisfying
X% = p and d € N satisfies Ny, Nyd | N. Here xi) = p means that they agree as characters
(mod N). Every f € Mi(I'o(N), o) can be written uniquely as f = E + g with E contained
in the Eisenstein series subspace and g a cusp form. We call F the Fisenstein series part of f
and g the cuspidal part of f. If x = x1 and ¢ = X(%l)p for an odd prime p, then we normalize

the Eisenstein series by multiplying by

Using the Euler-Maclaurin summation formula (see [28, (44)]), one can determine the behav-
ior of the Eisenstein series at 0.

Lemma 2.5. Suppose that k > 2 and p is an odd prime. Then Ly ,Ej .\ has constant
P

&)
term 1 at ico and vanishes at 0.

In addition to the holomorphic Eisenstein series, we also require the quasimodular Eisen-
stein series of weight 2, which, for o(n) :=3_,,, d, is defined by

Ey(z):=1-24 Z o(n)q".

n>1
The Eisenstein series E5 is not modular, but it has a natural “modular completion”
3

Es(z) := By(2) — p—

Although Es is not holomorphic, it satisfies, for all v € SLo(Z),
E2|2’y = _/E\Q.

2.4. Hecke operators. In this subsection, we restrict to integral weight modular forms. For
N,k € N, x a character (mod N), and p a prime, we define the Hecke operator T, acting on
f € Mp(To(N),x) by (see [23, Definition 2.1])

fITo(z) = (Cf(pn) +x(p)p" ey (n>> q",

n>0 p

where c¢y(a) := 0 for @« € QF \ Ng. There exists a natural basis of cusp forms which are
simultaneous eigenfunctions under all Hecke operators T}, with p { N. We call these simul-
taneous eigenfunctions Hecke eigenforms. If f € My(To(N), x) is a Hecke eigenform, then
fIVa € Mi(To(Nd), x) is also a Hecke eigenform. For M € N, the subspace of My (To(M), x)
spanned by f|Vy with f € Mp(To(N),x) for 1 < N < M is the old space; the orthogonal
complement of the old space is the new space. Hecke eigenforms in the new spaces are called
newforms. We normalize the Fourier expansions so that c¢(1) = 1. Letting d(n) denote the
number of divisors of n, a result of Deligne [12] gives an explicit bound on cf(n).
6



Theorem 2.6. (Deligne) Suppose that k, N € N, x is a character (mod N), and f €
Sk(To(N), x) is a normalized newform. Then

ey (m)] < d(n)nT .

Letting || f]| := \/(f, f) denote the Petersson norm, Schulze-Pillot and Yenirce [26, Theorem
12] constructed an explicit orthonormal basis for Si(I'o(V), x) and used Theorem 2.6 to obtain
a bound for the Fourier coefficients of any f € Si(T'o(N), x).

Lemma 2.7. Suppose that k,N € N, x is a character (mod N), and f € Sg(To(N), Xx).
Then we have

3
]'+ l k-1
les(n)| < 2v/me*™\/dime(Sk (To(N), ))VN [ ] (p)llflld(n)n2~

1—
pIN p

us"‘

2.5. L-functions of Dirichlet characters. We require a lemma for evaluating L-functions
of Dirichlet characters at non-positive integers. The following identity is well-known and
follows directly from [3, p. 249] and [3, Theorem 12.13].

Lemma 2.8. For a discriminant D and k € N, we have

_1 |ID|
’D|k 1 r

L(l1—-k = — -

( ,XD) 2 XD(r) B D)

r=1

where By(x) denotes the k-th Bernoulli polynomial.

For the specific case D = (_?l)p and k = kp (mod 2) with k, = %, one may use the

functional equation for the Dirichlet L-function and Gauss’s evaluation of the quadratic Gauss
sum to obtain the sign of the L-value in Theorem 2.8.

Lemma 2.9. Let p be an odd prime and k > 2 be an integer satisfying k = k, (mod 2). Then

sen (L) = (-85 (22)).

In particular, we have
-9 2

sen (o) = (2] and s (L) = (2)).

2.6. Hurwitz class numbers. For D € N, let H(D) denote the Hurwitz class number, the
weighted number of classes of positive-definite integral binary quadratic forms of discriminant

—D, where each class is weighted by the inverse of the size of its automorphism group in
PSLs(Z). We note that if —D < 0 is a discriminant, then H (D) > 0, while H(D) =0 if —D

is not a discriminant. We extend the definition by setting H(0) :== —3 and H(r) := 0 for
r € Q\ Np. For a fundamental discriminant —D, we have [10, p. 273]
H (Df*) = H(D)Sp(f). (2.2)

Here, letting p denote the Md&bius function, we define

So() = S n(@-p(@a (1) (2.3
dlf
7



For /1,05 € N, let

= Z H(D)qD’ Heyey :=H | (U€1€2 — LUy, © Vﬁz) : (2.4)
D>0

For y > 0, let T'(s,y) := fyoo e 't571dt be the incomplete gamma function. The modularity of

R 1 1 1
= — [(—=,4mn? "
H(z) H(z)+87r\/g+4ﬁng>ln < 5 ™ y)q

was proved by Zagier [27] (see also [14, Chapter 2, Theorem 2]). Using his result, the modu-
larity of Hy, ¢, was given in [7, Lemma 2.6].

Lemma 2.10. For ¢1,0s € N, with ged(¢1,¢2) = 1 and {2 squarefree, we have that
/th@ S M% (F0(4 rad(fl)fg),)(4glg2) .

3. PROOF OF THEOREM 1.1
We abbreviate by (n) := C|-29342(n).
Proof of Theorem 1.1. By [23, Theorem 1.60], we have

1(162) 3 (2n+1)2
n8z) =

We therefore have!

Z b1(n)gtt = Z q Tn1+Tn2+2Tn3)+

n>0 neNg

n(n+1)

5— . Comparing the (8n + 4)-th Fourier coefficient on both sides, we see that

bi(n) =#{n €N} : Ty, + T, +2T,, =n}. (3.1)

It was proved by Liouville [22] (see also the statement in [5] and its generalization in [5,
Theorem 1.1]) that, for n € Ny,

#{neN}: Ty, + T, +2T,, =n} > 0.
Combining this with (3.1) immediately yields Theorem 1.1. O

where T,, :=

4. PROOF OF THEOREM 1.2
Abbreviating ba(n) := Ci3g-253(n), sa(n) := sgn(ba(n)), we first show the following.
Lemma 4.1. We have

Zd| 3n+1) (2)d if n =0 (mod 4),
ba(n)=<¢ 3 Zd\ (3n+1) (%) d if n =2 (mod 4),
12

—3 Zdins+n) () 4= 3 Xaigasy) <3n+1> d if n=1(mod 2).

1Throughout we use boldface letters for vectors.



Proof. By [23, Theorem 1.64], % € My(To(72), x12).

The generating function of the right-hand side of Lemma 4.1 is

1

~E2 1 x12|S121 —

3 =E2 120 |S6.4-

3
By Lemma 2.4, E2 y, y10: E2 31000 € M2 (I'0(12), x12). Hence, for m € Z and M € N with M |
12, Lemma 2.3 (2) implies that E3y, 1| Sams B2yio | Sim € Ma (Do(144), x12). We con-
clude that the generating functions of both sides of the claimed identity lie in Ms(I'¢(144), x12).
By Theorem 2.1, the identity holds if it holds for the first 48 Fourier coefficients. It was verified
computationally for all 3n 4+ 1 < 301. O

gEz,xl,xlz |S12,7 — gszl,xlz |S6.4 —

Proof of Theorem 1.2. Writing 3n + 1 = 2/m with gcd(6,m) = 1, we have

ordy(m)+1
12 3\ m12) L, el 2)r
£ (s @ -1E @)e-n
d|(3n+1) dm r=0 plm j=0 plm (p>p
Now
ordp(m)+1 [P e = 41 (mod 12),
- <(%> p) p = 1*Pirdi(m) if p = +5 (mod 12), ord dd
. (§)p =4~ 5, — ifp=+5(mo ), ord,(m) odd,
P %d;(m) if p = 45 (mod 12), ord,(m) even.

This implies that
sgn %,:1 (2) d| = (i) = (-1)"F (%) (4.1)

For n even, we have 3n + 1 = m, so (4.1) implies that

s | Y @)d =" (). (4.2)

d|(3n+1)

If n =0 (mod 4), then m = 3n + 1 =1 (mod 12), so plugging (4.2) into Lemma 4.1 yields
that so(n) = 1. If n = 2(mod 4), then m = 3n + 1 = 7(mod 12), so inserting (4.2) into
Lemma 4.1 implies that so(n) = 1. For 2 { n, we write 3n + 1 = 2m with m odd. Noting
that (3n+1) = 0 unless 2° | d, Lemma 4.1 gives that

1 3 3
ba(n) = —= (14251 (= S
=3 ()2 ()
By (4.1), we have sgn(3_,, (2)d) = (). Since 2°*! > 1, sgn(1 4 271(2)) = sgn((2)). So

overall we obtain s3(n) = —1 for n odd. Combining these cases proves the claim. O
9



5. PROOF OF THEOREM 1.3

n(4z)*n(82)* .

5.1. Decomposition of the eta-quotient. We now explicitly decompose (122)? into

an Eisenstein series and a cusp form. For this, we define the Eisenstein series

- T E(ert T E()e

n>1 dln n>1

n=1 (mod 12) n=5 (mod 12)
—1 d2 —1 d2 n
-2 > () (o q
n>1 dn 2
n=9 (mod 12)
1

= §E3,X1,X,4|512,1 - 1E3’X1’X’4‘512’5 — B350 x-4]5129 — 63, x4 |V3|Sa,1.
For the cuspidal part, let g; denote the normalized newform in S3(I'g(12), x_4) with
g1(z) =q— (1 + \/§Z> @+ V3ig® -2 (1 — \/32) q' —2¢° + (3 — \/gz) ¢ — 4V3iq" +8¢°
—-3¢° + 0 (¢")
and let g2 be the normalized newform in S3(I'9(36), x_4) satisfying
92(2) = q — 2¢* + 4¢* + 8¢° — 8¢® — 16¢"° — 104" + 16¢'® — 16¢'" + O (¢*°) .
We then obtain the following decomposition of the eta-quotient.

Lemma 5.1. We have

n(42)n(82)* 1 27 9
—— - ==£ S —q1|S S
1(122)2 7 () — 91‘ 12,9(2) + 91‘ 4,1( 14g1®x 3‘ 1,1(
3
—*92|S41 t 162 ®X- 3]S41(2)
Proof. By [23, Theorem 1.64], % € M3(I'g(72),x-4). By Theorem 2.4, E3,, \_, €

Ms5(T'o(4), x—4). Using Lemma 2.3 (2), E3., y_4|S12m € Ms3(I'9(144),x—4) for m € Z.
Lemma 2.3 (1) implies that E3 ., y_,|V3 € M3(I'9(12), x—4). Lemma 2.3 (2) then gives that
E3 i x_4|V3|S11 € M3(I'9(48), x—4). Thus £ € M3 (I'g(144), x—4). By Lemma 2.3 (2), (3),

—201]S12,0 + $591[Su1 + 591 © X —3|S41 — 1592|541 + 1592 @ x—3]Sa1 € M3 (To(144), x—4) -

Thus both sides of the claimed identity lie in M3(T'¢(144), x—4). To prove the identity, it
suffices to check the first 72 Fourier coefficients. This was verified numerically. O

5.2. Fourier coefficients of the Eisenstein series part. We now determine the sign of
the n-th Fourier coefficient A(n) of the Eisenstein series part £.

Lemma 5.2. Suppose that n =1 (mod 4). Then we have
Z( >d2+62( >d2>0
din

In particular,
1 if 3| n,
—1 otherwise.

sgn(A(dn+1)) = {

10



Proof. 1t 3 1 n, then the second sum on the left-hand side of the first claim vanishes. Since
n = 1(mod 4), we have that n (and thus d) is odd. Thus the above becomes

__2ordp(n)+2 .
ordp(n) % if p=1(mod 4),
2] - 1_p20rdp(n)+2 . B
H Z —H i if p = 3 (mod 4), 21 ordy(n),
O or! n
pin = pln % if p = 3 (mod 4), 2 | ord,(n).

Now only the second case yields a negative sign, so

—1 =
sgn Z <d> d2 _ (_1)#{p\n.p:3 (mod 4), 2ford,(n)} =n (mod 4) (51)
dln

since n is odd. Since n =1 (mod 4), we conclude that the sign in this case is 1.
Finally, suppose that 3 | n. Write n = 3‘m (£ € N), 3 m. Then we need to rewrite the
left-hand side of the first claim of the lemma as

1 /-1 1\ o= /-1
i ) 3% ) 2 2j
> (7)) (5)meox (7) 0% (5)
dlm j=0 dlm j=0
- 1

1)i3% 0520 2 9
P e () 6o
j=0 dlm
The sign of the sum over d is evaluated in (5.1). The expression in parentheses equals

%. Note that the sign of this factor is (—1)¢ (because ¢ € N). Combining this with

the above, we have, for 3 | n,

—1 —1 :p=3 (mo ordy(n
s [ <d> Sy <d> @2 | = (= 1)#{pinsp=3 (mod 4),2ord, ()
dlg

dln

Since n = 1 (mod 4), (5.1) again implies that the sign is 1. Substituting the first claim into
the definition of £ yields the second claim. O

5.3. Finishing the proof of Theorem 1.3. By Lemma 5.2, the signs of the Fourier coef-
ficients of £ agree with those asserted in Theorem 1.3. We are now ready to prove Theorem
1.3. Let b3(n) := Cjag23-2(n) and s3(n) := sgn(bz(n)).

Proof of Theorem 1.3. We claim that, for n € N, s3(n) = sgn(A(4n + 1)). Theorem 5.2 then
gives the claim. To show this, we explicitly compare the growth of the Fourier coefficients
of & with the growth of the Fourier coefficients of the cuspidal part from Theorem 5.1. We

begin by bounding the Fourier coefficients of the cuspidal part of % Write
=Y a1(n)q", ga(z) =Y az(n)q”
n>1 n>1

Since g1 and g2 are weight 3 newforms, |a;(n)l|, |a2(n)| < d(n)n by Theorem 2.6. Moreover,
by Theorem 5.1, for n = 1 (mod 4) the n-th Fourier coefficient of the cuspidal part of the
11



function on the right-hand side of Theorem 5.1 is

Branmen (o3(F)oo (10 ()3

Note that (=2) = (%). We now consider the residue classes of n (mod 12).

Assume first that n = 1 (mod 12). Then (5.3) equals 2a;(n) and its absolute value can be
bounded by gd(n)n. From Theorem 5.1, the absolute value of the n-th Fourier coefficient of
the Eisenstein series part £ is

2ordp(n -1

;Z< >d2 Z7Hp p?+1

djn
We conclude that s3(n) agrees with the claimed value if

1 2ordp(n)+2 _ 1
d(n) < = p__” :
6 vin pordp(n) (p2 + 1)

Writing n = [[;_, pﬁj , we have d(n) = [[’_;(¢; + 1). Hence the above is equivalent to
r r 26]'-"-2
1 p; -1
[+ < 5 H Tl N ( ) : (5.4)

j=1 j=1D;j pjz +1

We claim that, for a prime p and ¢ € N,
24((+1) forp=5and =1,
p?t? —1 - 34l +1) forp=Tand =1,
pt(p*+1) — |5({+1) forp=1land (=1,
6(+1) forp>13or (pe{5,7,11} and ¢ > 2).

(5.5)

This clearly implies the claim unless n is one of the exceptional cases n € {5,7,11}. But none
of these satisfy n = 1 (mod 12). We now prove (5.5). We first directly verify (5.5) for ¢ =1
and p € {5,7,11} by computing both sides. The claim for the remaining cases in (5.5) follows
after showing that for z > 13 or (x € {5,7,11} and ¢ > 2)

fo(z) == 2*2 -1 - 6(0+ 1)a* (2 +1) > 0.
We do so by induction on ¢ for each x. First, for x > 13, we have
filz) =2t —1- 122 (2* + 1) > 0.

We also verify directly that f2(5) = 3924 > 0, f2(7) = 73548 > 0, and f»(11) = 1505844 > 0,
so we see that the base case for the induction holds for each p. Next

for1(x) = 22 fo(x) + 6(£ + 1)zt ! (:1:2 +1)(z—1)+ 22 —1— 62" (:1U2 +1).

The first term is positive by induction. Using x > 2, we show that the remaining terms are
non-negative. This proves (5.5) for n = 1 (mod 12).
Next assume that n = 5 (mod 12). Simplifying (5.3) in this case, the n-th Fourier coefficient
of the cuspidal part is —2a;(n) — 3as(n). Then Theorem 2.6 implies that the absolute value
12



is bounded by 2 = d( )n. With the same argument as above, we may conclude the claim if

20542
r r i+ 1

[Iw+1) _3151_[ f< +1) (5.6)

J=1

If (5.6) fails, then, since 2% > %, (5.4) does not hold. As shown for n = 1 (mod 12), if (5.4)
fails, then n € {5,7,11}. Thus for n > 5 with n = 5 (mod 12), we have s3(“;*) = sgn(A(n)),
as claimed. For n = 5, a direct computer calculation shows that s3(1) = —1 = sgn(A(5)).
Note that this is the only possible exceptional case satisfying n = 5 (mod 12).

We finally consider n = 9 (mod 12). Then, by (5.3), the Fourier coefficient of the cusp

form is —12a;(n) — %ag(n). By Theorem 2.6, the absolute value of this can be bounded by

7
fgd( )n. Writing n = 3m and comparing (5.2) with the Fourier coefficients of the Eisenstein
series in the other congruence classes and simplifying, the Fourier coefficients of the Eisenstein

series have the extra factor 1 (32! 4 7(—1)*"!). Bounding as above, s3(“*) = sgn(A(n)) if

32€+1 4 7(_1) pQOrdp(n)-i-Q -1 213

—d
35 p?+1 - 112 (m)n.
plm
Since n = 3‘m and d(n) = (¢ + 1)d(m), this is equivalent to
2ordp(n)+2 _ | 21 1)3¢
p2ordp > 213 35(0+1)3 d(m)m
P+l 112 3264+ 1 7(—1)¢
plm
Note that
3 .
10 ifl = ].7
2L ife=2,

(e+13° )%

326—&-1_,_7(_1)5— 545 it =3,
e if =4
22 if £ > 5.

We then extend (5.5) with

6.4((+1) forp=13and (=1,

8(¢+1) for p=>5 and £ = 2,

84(f+1) forp=17and ¢ =1,

94(f+1) forp=19and (=1,

1140 +1) forp=23 and { =1,

14.4(¢+1) forp=29and ¢ =1, (5.7)

154((+1) forp=3land (=1,

16(4+1) forp=T7and (=2,

184(f+1) forp=37and ¢ =1,

2000+ 1) forp>4lor (11 <p<37and ¢>2)
or (pe {5,7} and ¢ > 3).

P22 1

pt(pP+1) ~

13



Combining (5.7) with (5.5), we then conclude that for n = 9 (mod 12) with
n ¢ {9,21,33,45,57,69,81,93,105,117,165},

we have s3(22) = sgn(A(n)). A computer calculation for n < 165 establishes the remaining
cases. O

6. PROOF OF THEOREM 1.4

6.1. Proof of Theorem 1.4 (1). Let by(n) := Ciag24—2(n) and s4 := sgn(bsa(n)). We first
obtain a formula for the generating function of by(n).

Lemma 6.1. We have

~ 4 ~ 2 _
nlz)n(2e)” 77)(1;)22 RS <n4> o(n)g" +83 " (~1)"o(n)g" — 323 a(n)g'o".

n>1 n>1 n>1

Proof. By [23, Theorem 1.64], % € M>(T'0(16)). The right-hand side of Lemma 6.1 is

1 2 4
—2F2x ax-a T §E2’V4 - §E2|U2 oVg+ gEz‘Vw. (6.1)

One checks that (6.1) coincides with the corresponding identity with E9 replaced by Eg.
Thus, (6.1) is modular. By Lemmas 2.4 and 2.3 (1), (4), (6.1) lies in M3(I'g(16)). Thus both
sides are elements of M(I'y(16)). By Lemma 2.1, it suffices to verify it for the first 4 Fourier
coeflicients, which has been verified computationally. O

Proof of Theorem 1.4 (1). For n = 0, Lemma 6.1 gives bs(0) =1 > 0. We next let n € N and
split into cases depending on ords(n). By Lemma 6.1, if n is odd, then

-1
by(n) = —4 <n> o(n).
Since 40(n) > 0, this gives
sa(n) = — -1\ _J1 ifn=3(mod4),
e n) |-1 ifn=1(mod 4).

This gives the claim for n odd.
For n = 2 (mod 4), we see directly that none of the sums in Theorem 6.1 contributes to
the n-th Fourier coefficient. This gives the claim in this case.
Next suppose that 4 | n but 16 { n. In this case, only the second sum in Theorem 6.1
contributes to the n-th Fourier coefficient, so we obtain
n
ba(n) = —80 (4) .

This implies that s4(n) = —1. This gives the corresponding case.
Finally, if 16 | n, then the final two sums in Theorem 6.1 contribute to the n-th Fourier-

coefficient, and we have
=3[ ()~ (1)

We next write n = 2m with ¢ € N>3 and m odd and use multiplicativity of o(n) to simplify

o <%) —4do (%) = 30(m).

14



Thus, for 16 | n, we obtain
bs(n) = 240(m) > 0.

Hence s4(n) = 1 in this case, completing the proof. O

6.2. Proof of Theorem 1.4 (2). For a € N, set

ra(n) = #{n VAR iajn? = n}

j=1
Using [23, Theorem 1.62, Propositions 1.41 and 3.7 (1)], Lemmas 2.2 and 2.1, we obtain the
following identity.

Lemma 6.2. We have

2)4n(22)4
LCIR/ICORE P ! D I I

3
?7(42) n=1 (mod 4) n=3 (mod 4)
1 1 1
s Z r(11,222)(M)q¢" — 5 Z ra1222)(n)g" + 5 Z r11,22:2)(M)q"
n=2 (mod 16) n=4 (mod 16) n=6 (mod 16)
3 1 1
—x Y raagenn)g’ - £ > raagenn)d+ £ > raagen(n)d”
n=10 (mod 16) n=12 (mod 16) n=14 (mod 16)
1 n
+ 5 Z (7"(1,1,2,2,2) (n) +4rq,1,22.2) (Z)) q".
n=0 (mod 8)

Proof of Theorem 1.4 (2). Liouville [21] proved that r(; ; 29)(n) > 0 for every n € N. Since
7(1,1,2,2,2) (1) >7(1,1,2,2)(n), obtained by setting the fifth variable to zero, we have (1 19 2,9)(n) >
0 for all n € N. Theorem 1.4 (2) now follows immediately from Lemma 6.2. O

7. PROOF OF THEOREM 1.5, COROLLARY 1.6, AND THEOREM 1.7

7.1. Proof of Theorem 1.5. We next bound and determine the sign of de(%)dk.

Lemma 7.1. For n = p®m with p{m and k € N, we have

(€)oo (£ ()1)-(2)

dln dn
Proof. By multiplicativity, we have
(@) ()
an \P dn j=0 P

Since k > 1, for £ # p and r € N we have

s e J )
Z (p) Ek] > gkr _ Ek(r—l)‘
=0
15



Thus, for any £ > 0, we have, using [24, (3.27)] in the final step,

Z (i) d*| > mkH (1 — E_k) >, mFe.
Lm

dln

This proves the first claim. For the second claim, we compute
Ltk _q e ()
TRl lf (5) = 17

. Z(r+1)k+1 . 2\ _ _
r <€>J£kj: S if (p) =-1,2]|r,

- (r+1)k _ .
Jj=0 P —eékﬁl if (ﬁ) = —1, QTT,
g if £ =p.
Since k > 1, this is positive unless (ﬁ) = —1 and r is odd, in which case it is negative. Thus

an [0 (£) ) =l () atomen

dn
Now write n = p®m with a € Ny and ged(p,m) = 1. The claim follows since
<m> _ H <€T) (-1 #{epnme ( ):—1 2J(Ordg(m)} 0
p) S \P
Proof of Theorem 1.5. By [23, Theorem 1.64], we have Q) € Mp2_p( o(p), X(Tl)p> and P, €

My-1(Lo(p), X(=1,), so Theorem 2.5 yields that there exist fp € Spk,(Lo(p); x(=1,) and
2 P p
gp € Sk, (To(p), X(%)p) such that
Qp = kap,pE/pkp,LX(_%)p + s by = Lkpankp:LX(—Tl)p + 9p- (7.1)

We split the Fourier expansions naturally into the two pieces

z) =: Z cg,(n)q" =: Z Ag(n)q" + Z cr,(n)q", (7.2)

n>0 n>0 n>1
Py(z) =Y cp,(n)q" =Y Br(n)g"+ > cg,(n)q" (7.3)
n>0 n>0 n>1

corresponding to the right-hand sides of (7.1).
(1) Employing Theorem 2.7 and noting that f, is uniquely determined by p, we have, recalling
that n = p®m with p t m,

pkp—1

pkp pk 71
les, ()] <pe £l n 518 <™ 5+ e m T

Using the bound in Theorem 7.1, we conclude from (7.2) that, for m sufficiently large,
sgn (cq,(n)) = sgn (Ag(n)). (7.4)

By the evaluation of the sign in Theorem 7.1, we then obtain

sgn (Ap(n)) = sgn (Lyk, ) (;’j) .
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Finally, using Lemma 2.9, we conclude that

sen (e = (2) (). (75)

This finishes the proof of part (1).

kp—1
(2) By Theorem 2.7, we have |cg, (n)]| <ap,e m 7=+, As in part (1), Theorem 7.1 and (7.3)
hence imply that, for m sufficiently large, we have

m
sgn (cp,(n)) = sgn (Bg(n)) = sgn (L, ) (p) . (7.6)
Finally, Lemma 2.9 implies that
—2 m
sgn (Br(n)) = <> <) , 7.7
(Be(n)) AW (7.7)
finishing the proof. O

7.2. Proof of Corollary 1.6. Since (see [19])

S4(To(3), x_s) = {0}, (7.8)
(7.1) and Theorem 2.8 yield the following identity for bs(n) := Co3-3(n).

Lemma 7.2. We have ( )9
nz d 2 n
=1-9 — | d*q".
o 1LY (5) 4

In particular, for n € N we have
d
bs(n) = =9 (3) a2
dn
We next prove Corollary 1.6 (1). Let s5(n) := sgn(bs(n)) and se¢(n) := sgn(Cis5-1(n)).

Proof of Corollary 1.6. (1) Since f3 = 0 in (7.1) by (7.8), (7.2) implies that (7.4) holds for
n € N, and hence (7.5) gives
2 m m

s5(n) = s (e, () = s (ax) = (5 ) (5) == (5)-
(2) Since Sa(I'0(5), x5) = {0} (see [19]), we similarly conclude from (7.3) that (7.6) holds for
n € N and thus (7.7) yields that sg(n) = —(%). O
7.3. Proof of Theorem 1.7. The first step in proving Theorem 1.7 is to write our functions
in terms of class number generating functions. We have the following.

Lemma 7.3. We have

§E2)(162° 1

N0 (Haz—Hia) | S241(2) — 5
Proof. By Theorem 2.10, H13 € M%(FO(IQ),XH) and Has € M%(Fo(24),><12). By The-
orem 2.2 (2), the right-hand side of the lemma lies in M% (T'o(576), x12). Moreover, since
n(24z) € M% (To(576), x12) (see [23, Corollary 1.62]), n(24z) times the right-hand side is in

M5 (To(576)). Next, by [23, Theorem 1.64], 7(82)?1(162)? € M3(T'¢(64)). Thus n(24z) times
17

(Hag—H13) | Soa17(2) — (Haz+2H13) | S249(2).



the difference of the left- and right-hand sides lies in M3(I'g(576)). By Theorem 2.1, we have
to check 192 Fourier coefficients. The claim was verified computationally by checking the first

192 Fourier coeflicients. O
Proof of Theorem 1.7. Let by(n) := C2923-1(n) and s7(n) := sgn(by(n)). Let
n(82)?n(162)?
n(24z) Z Cln
n>0

Then b7(n) = C(8n + 1). Thus
s7(n) = sgn(C(8n + 1)).
By (2.4), we have

Heon(2) =) < (Lrlon) — Lo H (i}:)) q".

n>0
Hence Theorem 7.3 implies that, for n = 3¢, we have

b7(30) = H(12(24¢ + 1)) — H(3(24¢ + 1)).

We write 3(24¢ + 1) = D f? and 12(24¢ + 1) = D(2f)? with —D a fundamental discriminant
and f € N. Then (2.2) implies that

H(3(24¢ + 1)) = H(D)Sp(f), H(12(24¢+1)) = H(D)Sp(2f).
Since Sp(f) is multiplicative and f is odd, we have
-D
S0(21) - Sp() = S0(5p(2) = 50() = 50(7) (22) ~ (2] ~1) > .

So 57(3¢) = 1 = (22%t1), and we are done in this case. Similarly b7(3¢ 4+ 2) = C(24¢ + 17).
The same argument gives s7(3¢( 4+ 2) = —1 = (¥%) for n = 3¢ + 2. This finishes the case
a=0,as 3| (8n+1)iff n =1(mod 3), where we write 8n + 1 = 3%m with 3 { m as in the
theorem.

We hence next assume that n = 3¢ 4 1. In this case, Theorem 7.3 implies that

br(30+ 1) = C(24€ + 9) = —H(36(8¢ + 3)) + 3H (4(8¢ + 3)) — 2H(9(8¢ + 3)) + 6H(8( + 3).
Write 3¢~ !m = 8¢ + 3 = Df? with —D fundamental and f € N. Using (2.2) gives
C(240+49) = —H(D)(Sp(6f) —35p(2f) + 25p(3f) — 65D(f))- (7.9)

Note that 2 1 f. Since D is a fundamental discriminant, we have 94 D, so a > 3 if and only
if 3| f. Moreover, 9 | (8¢ + 3) if and only if 3 | f. Therefore

a>3<3|f<8+3=0(mod9) < ¢=3(mod9).

We next assume that a € {1,2}, and hence ¢ # 3 (mod 9). Since Sp(f) is multiplicative,
using (2.3) and (2.2), we have, by (7.9),

C(240+9) = —H(D)Sp(f)(Sp(6) — 35p(2) + 25p(3) — 6)

— _H(8(+3) <0(6) - (—31)) o(2) - (‘f) (3) + (_6D> ~ 30(2)
43 (_QD) +20(3) — 2 (‘317) —6>.
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Note that (=2) = (52) = —1 since D = 3 (mod 8) and (=2) = (=86 = (%). Thus

C(240 4 9) = —6H(SC + 3) (1 - <§)> .

This proves the claim for a € {1, 2}.
Finally, suppose that a > 3, which is equivalent to n = 3 (mod 9). We write f = 3"¢g with
3t g. By (7.9) and the multiplicativity of Sp(f) (splitting off the 3-powers), we have

C(240+9) = —H(D)Sp(g) (Sp (2-3"+1) = 35p (2-3") +25p (3"*) —65p (37)) .
We compute

Sp(3¥) =0 (3") — <3D> o (371, Sp(2)=0(2) - <2D> =3 (1) =4

Simplifying gives

-D
~H(D)Sp(g) (65p (37*) ~ 188 (37)) = ~6H(D)Sp () (1 ) <3>> |
Noting that the right-hand side is independent of r, the result follows. O

REFERENCES

[1] G. Andrews, On a conjecture of Peter Borwein, J. Symb. Comput. 20 (1995), 487-501.
[2] G. Andrews and R. Lewis, The ranks and cranks of partitions moduli 2, 3, and 4, J. Number Theory 85
(2000), 74-84.
[3] T. Apostol, Introduction to analytic number theory, Springer-Verlag, 1976.
[4] P. Borwein, Some restricted partition functions, J. Number Theory 45 (1993), 228-240.
[65] W. Bosma and B. Kane, The triangular theorem of eight and representation by quadratic polynomials,
Proc. Amer. Math. Soc. 141 (2013), 1473-1486.
[6] K. Bringmann, G. Han, B. Heim, and B. Kane, Periodic sign changes for weakly holomorphic eta-quotients,
Int. J. Number Theory 21 (2025), 2111-2139.
[7] K. Bringmann and B. Kane, Class numbers and representations by ternary quadratic forms with congruence
conditions, Mathematics of Computation 91 (2022), 295-329.
[8] J. Bruinier and W. Kohnen, Sign changes of coefficients of half integral weight modular forms, In: Modular
forms on Schiermonnikoog (eds. B. Edixhoven et. al.), 57-66, Cambridge Univ. Press, 2008.
[9] R. Chen and G. Garvan, Congruences modulo 4 for weight 3/2 eta-products, Bull. Aust. Math. Soc. 103
(3) (2021), 405-417.
[10] H. Cohen, Sums involving the values at negative integers of L-functions of quadratic characters, Math.
Ann. 217 (1975), 271-285.
[11] S. Cooper, S. Gun, and B. Ramakrishnan, On the lacunarity of two-eta-products, Georgian Math. Journal
13 (4), (2006), 659-673.
[12] P. Deligne, La conjecture de Weil I, Inst. Hautes Etudes Sci. Publ. Math. 43 (1974), 273-307.
[13] F. Diamond and J. Shurman, A first course in modular forms, Graduate Texts in Math. 228, Springer,
2005.
[14] F. Hirzebruch and D. Zagier, Intersection numbers of curves on Hilbert modular surfaces and modular
forms of Nebentypus, Invent. Math. 36 (1976), 57-113.
[15] D. Kane, Resolution of a conjecture of Andrews and Lewis involving cranks of partitions, Proc. Amer.
Math. Soc. 132 (2004), 2247-2256.
[16] M. Knopp, W. Kohnen, and W. Pribitkin, On the sign of Fourier coefficients of cusp forms, Ramanujan
J. 7 (2003), 269-277.
[17] G. Kohler, Fta products and theta series identities Springer Monographs in Mathematics, Springer, 2011.
[18] E. Kowalski, Y.-K Lau, K. Soundararajan, and J. Wu, On modular signs, Math. Proc. Camb. Phil. Soc.
149 (2010), 389-411.
[19] The LMFDB collaboration, The L-functions and modular forms database, https://www.1lmfdb.org, on-
line, accessed 26 July, 2024.
19



[20]

21]
22]

23]
24]
[25]
[26]
[27]

[28]

W. Kohnen, Y. Lau, and J. Wu, Fourier coefficients of cusp forms of half-integral weight, Math. Z. 273
(2013), 29-41.

J. Liouville, Sur la forme x* + y? 4 2(2* + t?), J. Math. Pures Appl. 5 (1860), 269-272.

J. Liouville, Nouveaux théorémes concernant les nombres triangulaires, J. Math. Pures Appl. 8 (1863),
73-84.

K. Ono, The web of modularity: arithmetic of the coefficients of modular forms and g-series, Regional
Conference Series in mathematics, Amer. Math. Soc. 102, 2004.

J. Rosser and L. Schoenfeld, Approzimate formulas for some functions of prime numbers 1. J. Math. 6
(1962), 64-94.

M. Schlosser and N. Zhou, On the infinite Borwein product raised to a positive real power, Ramanujan J.
61 (2023), 515-543.

R. Schulze-Pillot and A. Yenirce, Petersson products of bases of spaces of cusp forms and estimates for
Fourier coefficients, Int. J. Number Theory 14 (2018), 2277-2290.

D. Zagier, Nombres de classes et formes modulaires de poids 3/2, C.R. Acad. Sci. Paris (A) 281 (1975),
883-886.

D. Zagier, The Mellin transform and other useful analytic techniques, Appendix to E. Zeidler, Quantum
Field Theory I: Basics in mathematics and physics. A bridge between mathematicians and physicists,
Springer-Verlag, Berlin-Heidelberg-New York (2006), 305-323.

UNIVERSITY OF COLOGNE, DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, WEYERTAL 86-90,
50931 COLOGNE, GERMANY
Email address: kbringma@math.uni-koeln.de

I.LR.M.A., UMR 7501, UNIVERSITE DE STRASBOURG ET CNRS, 7 RUE RENE DESCARTES, F-67084 STRAS-
BOURG, FRANCE
Email address: guoniu.han@unistra.fr

UNIVERSITY OF COLOGNE, DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, WEYERTAL 86-90,
50931 COLOGNE, GERMANY
Email address: bheim@uni-koeln.de

THE UNIVERSITY OF HONG KONG, DEPARTMENT OF MATHEMATICS, POKFULAM, HONG KONG
Email address: bkane@hku.hk

20



